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We report a theoretical study of coherent collective quantum dynamic effects in an array of N
qubits (two-level systems) incorporated into a low-dissipation resonant cavity. Individual qubits are
characterized by energy level differences ∆i and we take into account a spread of parameters ∆i.
Non-interacting qubits display coherent quantum beatings with N different frequencies, i.e. ωi =
∆i/~ . Virtual emission and absorption of cavity photons provides a long-range interaction between
qubits. In the presence of such interaction we analyze quantum correlation functions of individual
qubits Ci(t) to obtain two collective quantum-mechanical coherent oscillations, characterized by
frequencies ω1 = ∆¯/~ and ω2 = ω˜R, where ω˜R is the resonant frequency of the cavity renormalized
by interaction. The amplitude of these oscillations can be strongly enhanced in the resonant case
when ω1 ≃ ω2.
PACS numbers: 03.67.Lx, 03.65.Yz,74.81.Fa,74.50.+r
Great attention is devoted to theoretical and exper-
imental studies of various superconducting qubits [1–3].
It can be small and large Josephson junctions (charge and
phase qubits), RF SQUIDs and many-junction supercon-
ducting quantum interferometers (flux qubits), just to
name a few. A crucial property of such systems is that
at low temperatures they can be modeled as quantum-
mechanical two-state systems displaying coherent quan-
tum dynamical phenomena, i.e. quantum beating be-
tween two states [4–7], and, in the presence of externally
applied radiation, microwave induced Rabi oscillations,
Ramsey fringes etc. [8–10]. For single qubits these ef-
fects have been analyzed theoretically and observed ex-
perimentally.
As we turn to diverse systems containing many inter-
acting qubits quantum dynamics becomes more complex
and interesting. First of all due to a spread of param-
eters of individual qubits they perform quantum beat-
ing oscillations with different frequencies equal to (in the
non-interacting case) ωi = ∆i/~, where ∆i is the energy
level splitting of a single qubit. E.g. in Ref. [11] a system
of seven flux qubits, i.e. three-junction superconducting
quantum interferometers, has been studied to reveal a be-
havior corresponding to presence of seven different two-
level systems. Thus, the presence of unavoidable spread
of parameters of qubits results in a non-synchronized
quantum dynamics of non-interacting qubits. Similar re-
sults have been also obtained for a single Josephson junc-
tion containing a large amount of microscopic two-levels
systems randomly distributed in its insulator interlayer
[12, 13]. Therefore, one could ask: is it possible to ob-
serve collective quantum coherent phenomena arising in
the whole system?
In order to obtain such synchronized behavior in sys-
tems of many qubits an interaction between them has to
be provided. It is well known that a strong long-range
interaction between well-separated qubits can be induced
by emission and absorption of virtual photons. This type
of interaction was proposed in Refs. [14–18] and realized
in experiments with single qubits incorporated into a res-
onator [19, 20]. Moreover, measurements of frequency
dependent transmission (reflection) coefficient of electro-
magnetic field propagating in the transmission line cou-
pled to qubits provide a convenient method to observe
coherent quantum phenomena in large systems of inter-
acting qubits [11, 21].
In this Letter we show that in the presence of such
interaction an array of N qubits displays two collective
coherent quantum oscillations. These quantum oscilla-
tions are characterized by two frequencies, ω1 = ∆¯/~
and ω2 = ω˜R, where ∆¯ is the energy levels difference
averaged over an ensemble of qubits, and ω˜R is the res-
onator frequency renormalized by interaction. Moreover,
we obtain that the amplitude of these oscillations can be
strongly enhanced in the resonant case as ω1 ≃ ω2.
In order to carry out the quantitative analysis of collec-
tive coherent quantum phenomena we consider a particu-
lar example of an array ofN RF SQUIDs inductively cou-
pled to a resonant cavity. Each RF SQUID is character-
ized by a dynamic variable — Josephson phase ϕi(t). Po-
tential relief for the Josephson phase U(ϕi) can be tuned
by externally applied magnetic field to have a double-
well form. The resonator is characterized by two param-
eters L0 and C0, the inductance and capacitance per unit
length, accordingly. The resonator frequencies are writ-
ten as ωR = ckn, where c = 1/
√
L0C0 and kn = πn/ℓ,
where ℓ is the size of the transmission line, n = 1, 2.... As
the resonator has an extremely high quality factor only
one wave vector will be important in the dynamics of cou-
pled qubits and photons of resonator. Mutual inductance
M provides an interaction between RF SQUIDs and res-
onator. The schematic of such a system is presented in
2FIG. 1: The schematic of an array of RF SQUIDs incorpo-
rated into a resonator. An interaction through emission (ab-
sorption) of virtual photons is shown.
Fig. 1.
We start our quantitative analysis with the partition
function Z written as a path-integral over Josephson
phases ϕi(τ), and the charge variable characterizing pho-
ton states in the resonatorQ(τ), where τ is the imaginary
time, i.e.
Z =
∫
D[ϕi, Q] exp{−S[ϕi, Q]/~}, (1)
where the action S[ϕi, Q] is
S[ϕi, Q] =
∫
~/(kBT )
0
dτ [Lqubits + Lres + Lint]
Lqubits = EJ
∑
i
{
(ϕ˙i)
2
2ω2p
− αiφ
2
i
2
+
φ4i
24
}
Lres =
m
2
[Q˙2 + ω2RQ
2], m = L0ℓ/2
Lint = iEJQ
∑
i
ηiϕ˙i (2)
Here, EJ and ωp are the Josephson coupling energy and
the plasma frequency, accordingly. The parameters ηi
and αi have to be determined from the microscopic anal-
ysis. For our particular case of RF SQUIDs incorporated
into a low-dissipation resonator the parameters have been
obtained explicitly in Ref. [22]. Next, we trace out [23]
the partition function over the charge variable Q(τ) and
obtain the effective action Seff of N globally coupled
two-level systems:
Seff = EJ
N∑
i=1
∫
~/(kBT )
0
dτ
[
(ϕ˙i)
2
2ω2p
− αiϕ
2
i
2
+
ϕ4i
24
]
+
+
EJ
2
∑
i,j
ξiξj
∫ ~/(kBT )
0
dτ
∫ ~/(kBT )
0
dτ ′GT (τ − τ ′)ϕ˙iϕ˙j ,
(3)
φ
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FIG. 2: The typical solution consisting of the single instanton
”step” on i-th qubit (solid green (thick) line) and tails on
other qubits (solid red (thin) lines).
where the kernel GT (τ) is determined as
GT (τ) =
kBT
~
∑
n
eiωnτ
ω2n + ω
2
R
,
ωn = n(πkBT )/~, n = 0,±1,±2....; (4)
and ξi = ηi
√
EJ/m are dimensionless coupling con-
stants. Notice that a similar effective action has been
used in Ref. [18] in order to analyze macroscopic quan-
tum tunneling in a globally coupled array of Josephson
junctions.
The partition function is determined by saddle point
solutions that satisfy the equation:
φ¨i
ω2p
+ ξi
∑
j
ξj
∫ β~
0
GT (τ − τ ′)φ¨j(τ ′)dτ ′ + αiφi − φ
3
i
6
= 0.
(5)
Let us consider solutions of the following form: an in-
stanton (anti-instanton) solution f(τ) on l-th qubit and
perturbative ”tails” on other qubits. This type of sad-
dle point solutions is shown in Fig. 2. For the ”tails”
we linearize equations near the minimums of the poten-
tial U(ϕi). In the absence of interaction the instanton
(anti-instanton) solution is written as
f(τ) = f0(τ) = ±
√
6αl tanh
[√
αl
2
ωp(τ − τc)
]
, (6)
where τc is the instanton ”center” time. Using Eqs. (5)
and (6) we obtain the effective action of this solution as
Sleff = S
l
0 +
1
2
ξ2l
∫ β~
0
dτ
∫ β~
0
dτ ′G1(τ − τ ′)f˙0(τ)f˙0(τ ′),
(7)
where Sl0 is the action calculated for instanton solu-
tion f0(τ) in the absence of interaction between qubits,
and the Fourier transform of the kernel G1(ωn) =
GT (ωn)/[1 + κ(ωn)], where κ(ωn) =
∑
j 6=l
η2jω
2GT (ωn)
ω2n/ω
2
p+2αj
.
Now considering multi-instanton solutions with the help
of non-interacting instanton (anti-instanton) approxi-
mation [24], which is valid for rather weak interaction
3strength between qubits, one can calculate the parti-
tion function Z in a similar fashion to [25]. It is then
written as Z =
∏N
i=1 Zi, Zi = 2 cosh[∆i/(kBT )] and
∆i ≃ ~ωp√αi exp(−Sieff/~). Calculating integrals over
τ in Eqs. (3) and (7) we obtain
Sieff = EJ4
√
2
α
3/2
i
ωp
+ Siint . (8)
The coupling between qubits results in an enhancement
of effective action Sieff , and therefore, a decrease of aver-
age level splitting ∆i. Moreover, the dispersion of qubit
level splittings will be enhanced. The explicit value of
Sint is determined by the parameter
β ≃ [2 + (N − 1)〈η2j /αj〉] (9)
and the ratio of two frequencies:
√
αiωp, i.e. the fre-
quency of small oscillations on the bottom of potential
well, and ωR. Here, the 〈...〉 determines the averaging
over a spread of qubits parameters ξi, αi and ∆i. Ex-
plicit calculating integrals in 7 allows one to obtain
Siint = ξ
2
i αi
2
√
2EJ
ωR


3√
β
if β
(√
αiωp
ωR
)2
≫ 1
√
αiωp
ωR
if β
(√
αiωp
ωR
)2
≪ 1
(10)
Next, in order to analyze the quantum dynamics of an
array of interacting qubits we obtain the time-dependent
correlation function of a single qubit, i.e. Ci(t) =<
ϕi(t)ϕi(0) >. In the non-interacting instanton (anti-
instanton) approximation we can write ϕi(τ) as a sum:
ϕi(τ) = fi(τ) +
∑
j 6=i
ϕ˜ji (τ), (11)
where fi(τ) consists of instanton (anti-instanton) ”kinks”
and φ˜ji (τ) correspond to ”tails” from instantons (anti-
instantons) on j-th qubit. The typical solution ϕi(τ) for
a single instanton and many instantons (anti-instantons)
are shown in Figs. 2 and 3.
The correlation function Ci(τ) is written as
Ci(τ) =< fi(τ)fi(0) > +
∑
j 6=i
< ϕ˜ji (τ)ϕ˜
j
i (0) > . (12)
Following the Ref. [25] the first term in the right-hand
part of Eq. (12) is obtained as
C0i (τ) =< fi(τ)fi(0) >=
2
Z
∞∑
n=0
(
∆i
~
)2n
∫
~/(kBT )
0
dt2n
∫ t2n
0
dt2n−1...
∫ t2
0
dt1
2n∏
i=1
ϕ20sgn(ti − τ),
(13)
where ±ϕ0 = ±
√
6αi are the minima of the double-well
potential U(ϕi). Calculating the integrals over tn (the
instanton ”center” times) we obtain
C0i (τ) = ϕ
2
0
cosh([ ~kBT − 2τ ]∆i)
cosh[∆i/(kBT )]
(14)
Carrying out the analytical continuation to the real time
we obtain in the low-temperature limit, i.e. kBT << ∆i,
the correlation function of non-interacting qubits as
C0i (t) = ϕ
2
0e
−2i∆it/~ (15)
This result indicates presence of quantum beating oscil-
lations with N different frequencies, ωi = ∆i/~, in the
system.
However, there is another contribution to the corre-
lation function of i-th qubit stemming from the tails of
instantons (anti-instantons) occurring on other qubits.
Such a contribution shown in Figs. 2 (a single instanton
solution) and 3 (many instanton (anti-instanton) solu-
tion), is written as
ϕ˜li(τ) =
kBT
2π~
∑
n
∫
dτ1G(ωn)e
iωn(τ−τ1)fl(τ1), (16)
where
G(ω) = − ξiξlω
2
(2αi + (ω/ωp)2)[ω2 + ω2R + (N − 1)〈ξ2j /(2αj)〉ω2]
(17)
Substituting (16) in (12) and taking into account that
C0l (τ) =< fl(τ)fl(0) > we obtain
< φ˜li(τ)φ˜
l
i(0) >= ϕ
2
0
∫
dτ1
∑
n
G(ωn)G(−ωn)eiωn(τ−τ1)C0l (τ1) .
(18)
The quantum-mechanical dynamics is determined by the
renormalized frequency of the resonator ω˜R = ωR
√
2/β.
In the limit of
√
αiωp
ω˜R
≫ 1 the kernel G(ω) is simplified
as G(ω) = − ξiξlβαi ω
2
[ω2+ω˜2
R
]
.
Carrying out the analytical continuation to the real
time [26] we obtain the time-dependent correlation func-
tion in the following form:
Ci(t) = C
0
i (t) + C
col
1 (t) + C
col
2 (t),
where the time-dependent correlation functions Ccol1,2(t)
are expressed as
Ccol1 (t) = (N − 1)ϕ20
(
ξ2i
αiβ
)2
〈
16ξ2l (∆l/~)
4
(ω˜2R − 4(∆l/~)2)2 + 4γ2(∆l/~2)
e−
2i∆l
~
(t)
〉
, (19)
4FIG. 3: A solution consisting of large amount of instan-
tons (anti-instantons) (large (green) circles) and correspond-
ing tails (small (red) circles) is shown.
and
Ccol2 (t) = (N − 1)ϕ20
(
ξ2i
αiβ
)2
e−[2iω˜R+γ/2]t
〈 −i16ξ2l (∆l/~)ω˜2R/γ
4(∆l/~)2 − ω˜2R + iγω˜R/2
〉
, (20)
where γ is a phenomenological parameter describing dis-
sipation in the system. This parameter allows one to
keep finite the resonant term in the correlation functions
Ccol1,2(t) as ω˜R ≃ ∆l. The correlation functions Ccol1,2(t)
determine two collective quantum-mechanical oscillations
with two frequencies, namely, the energy level splitting
averaged over an ensemble of qubits, ω1 = ∆¯/~ and self-
frequency of the resonator renormalized by interaction
ω2 = ω˜R. These collective oscillations are excited by
coherent quantum beatings in a system of globally cou-
pled qubits. Moreover, oscillations with frequency ω1
decay in time due to the dissipation and to a spread
of qubits parameters. The second type of oscillations
with the frequency ω2 decays in time due to the dissi-
pation effects only. The amplitudes of these oscillations
enhance strongly in the resonant case as ω˜R ≃ ∆l.
Such an enhancement can also lead to a suppression of
the double-well potential barrier for the Josephson phase,
and, therefore, to an increase of level splittings ∆i. This
effect is similar to a well-known microwave induced en-
hancement of macroscopic quantum tunneling in Joseph-
son junctions [27].
In conclusion, we have shown that an array of strongly
coupled qubits can display coherent collective quantum
oscillations. We consider a particular example of an array
of superconducting qubits (RF SQUIDs) incorporated
into a resonator. In such a system a long-range inter-
action (a global coupling) can be provided by emission
(absorption) of virtual photons in the resonator. In the
presence of such interaction we obtain a decrease of av-
erage qubit levels splitting. The dispersion of qubit level
splitting is enhanced. However, by analyzing quantum-
mechanical correlation functions we obtain that beyond
quantum beating oscillations with different frequencies,
ωi = ∆i/~, there are two collective quantum-mechanical
oscillations with two frequencies, ω1 and ω2. These col-
lective oscillations appear in the presence of a long-range
coupling between qubits, and they are induced by co-
herent quantum beatings occurring in whole system. In
order to observe these collective oscillations the tempera-
ture has to be low, i.e. kBT << ~ω1,2, the dissipative ef-
fects small, and spread of parameters ∆i not large. Such
coherent collective quantum oscillations can be observed
either in artificially prepared arrays of qubits incorpo-
rated in the low-dissipation resonator or in single Joseph-
son junctions containing a large amount of microscopic
two-level systems. The observation of these collective
quantum-mechanical modes will provide an evidence of
synchronized quantum dynamics in a system of strongly
interacting qubits.
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